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Abstract

The Corben-Schwinger theory gives imaginary values of the energy, for § % =] states, in
very intensive magnetic fields. The theory proposed by the author, which is most satis-
factory in the nonrelativistic approximation, does not have this defect for §3 = 1 states,
but it appears for §% = 0 states.

1. Introduction

H. C. Corben & J. Schwinger (1940) have proposed describing the behavior
of the spin-1 particle, with anomalous magnetic moment, by a four-vector ¢,
and an antisymmetrical tensor g which satisfy the equations

ki, — DYypsy+ (ieNK) Bl s ¥ =0 (1.1)
ks + [Dp¥s — Dsy] =0 (1.2)

with x4 = ict and
k= 2umc/h, D, =9, — ied,, €=2nq/h {1.3)

A, is the four-potential of the exterior field which acts on the particle and
Biys) = 0,45 — 0,4, is the electromagnetic field. In the nonrelativistic approxi-
mation we have shown (Durand, 1976) that this equation involves an electric
quadrupole moment and a term with (div E) whose coefficient was not correct.
The tensorial equations (1.1), (1.2) are not the most natural when they are
written in matrix form. Instead of (1.1), (1.2), we have proposed the equations

Ky — D*Yypsy + (feN2k)Bys * = 0 (1.4)
k\b[rs] + [Drws - Ds‘l/r} + (lex/zk)[‘l/[rp]B{spj - ’sD[sp] B{rpj ] =0 (15)

In the nonrelativistic approximation equations {1.4) and (1.5) do not have the
previously indicated drawback. W. Y. Tsai (1973) has been able to obtain eigen-
values of the energy in the theory of Corben-Schwinger for an external homo-
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geneous magnetic field; he has shown that they become imaginary for the
states $% = 1 and for very intensive magnetic fields.

We solve here the same problem using equations (1.4) and (1.5). We shall
see that this difficulty is no longer present for states 3 = 1, but it appears for
the states $3 = 0.

Before calculation, we shall replace the set of equations (1.4) and (1.5) by
a single partial differential equation of the second order whose resolution is
easier.

2. Partial Differential Equation of the Second Order

Multiplying (1.4) by D” and supposing that we are in regions devoid of
external charges, where /B, = 0, we obtain

D7y, = —(ie[2k)BLrs1 Y,y — (ieN2k)BUSID, g 2.1
Multiplying (1.5) by B1sl and, on account of
BUS (Y151 Bis Ay~ Y1sp1 By 51 =0 @2
we get
BUslypg = —(2/k)BIsI D,y 2.3)

By substituting (2.3) into (2.1), we obtain
D'y, = (1 — N2)(ie/k?)BIrsID,yq 2.4

Still supposing that we are in a region devoid of external charges, we operate
on the equation (1.5) from the left by D® and we obtain

kDS Yy ieBls o + D (DY) — DDy,
+ (i§>\/2k) {B[Sp]Ds‘ab[rp] - (asB[rp] )IP[S”] + B[rp]Dslj/[pS] =0
(2.5)

In (2.5) we replace DSy, by its expression (1.4) and (D ¥,) by its expression
(2.4). This gives

(D*DS — k2)y, =ie(1 + N)BUsly, + (1 — N2)(ie/k?)D, BP9 D, y,
eZN?

ieX
+ ZCTB[’"]B{N] Yg t 7 [BIPYD,p) — (0sBpep ylsel)

(2.6)

One looks now for the particular case of an homogeneous magnetic induction
B,,. One has then

B[w4] =0, B[uv] =B, = bn,, n,nt = 2.7
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The three space components of equation (2.6) can be written as

(DSDS - k), = ie(1 + M) By V¥ + (1 — N2)(ie/k?)Bv1D Dy,
+ %Z—B[MW]BWM Yp — (EeN2K)BIUID, Y1) (2.8)
By introducing the matrices Sy, &,,, ¥, ®' defined in the paper previously
quoted (Durand, 1975), equation (2.8) may be written in the matrix form
(D'D" — k2 = —eB(1 + N)(S, %) + (€222 /4K 2)(S,,n#)?

. B
—(1-N2) 2—2 [€B(S, 1) + (& ,,D“D¥)(S.un)] | ¥

B ,
- le—SuSU [n4n¥ — BPD¥] © 2.9)
2k

The expression for @', given in Durand (1976), reduces here to

O = (i/k)(1 + K}(S, D) (2.10)
with

K =a(S,n%)+ b(S,n*)? 211)

Ne'g A2g2 wh

q = e = = 2.12

(1-2%g2) (1 -2 ¢ 4dnmc? (2.12)
w=lq|B/m, €=q/lq] (2.13)

Bringing (2.10) into (2.11), we obtain
D™Dy — k) = {—eB(1 +N)(S - n) + (e2\2B?[4k2)(S,,n*)?
— (eB/k2)(1 — N2)[eB(S * n) + (D)> — (S - D)2 [(S - n)
+ (ieBN2k?)(S - [n x D] )(1 + K)(S - D)} ¢ (2.14)

which is the eyuation we were seeking.

3. Eigenvalues of the Energy

Let us consider the particular case n = (0, 0, 1) and D4 = 0. We have then
a magnetic field in the z direction and ¢ is independent of z. If, moreover, we
assume an exponential time dependence, we have also

(n-8)=S;3, Dy =(1/ic)d, =~Qufch)W 3.1
D} = 2u/h)2(W/c)? = k2(W/mc?)? (3.2)
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Let us introduce the operators @ and R, defined by
= (S} — S5UDT — D3) + (515, +$,81)(D 1D, +D,Dy)  (3.3)
R =D} +D3 +2eBS (3.4)

These operators, given by W. Y. Tsai (1973) have noteworthy properties. In
the first place, Q anticommutes with S5, that is

{2, 851=0 (3:3)
Consequently, it commutes with s3
[0.53]1=0 (3.6)
Moreover, we have
S30=085=0 (3.7)
Finally, 9 commutes with R
[Q.R] =0 (3.8)
and the square of ¢ involves 5% and R?*; more precisely
Q% =S3(R? — €*B?) (3.9)

Using the properties of the matrices S,,, one finds the expressions
(S [nxD])S - D)=4{[R -~ 3¢BS3 — Q]S3 + 2eB} (3.10)
(S - [nx D])S3(S D)= —(1 —-S3HR =—(1 - S3)(D? +D3) (3.11)
i(S [n x D])S%(S - D) = eB(1 — §3) (3.12)
[eB (S n)+(D)* —(S-D)’1(S-n) = 2{R — eBS3 — Q1S5 (3.13)

By introducing (3.10)-(3.13) into (2.14) and owing to (2.11)-(2.13), we
obtain

K2(Wimc*Y g = {k* — (D} +D3) — 2k*€ (1 + NES;
+E2E2N28% — €51 — MR - 2k%€'ES3 — 0] S5
+ 26283 — N2E3(D? + D3)(1 — S3)/(1 - N2 ED)}y (3.14)

The operator S5 commutes with all the operators that one finds in (3.14). One
can then choose, for ¢, eigenfunctions of 8% whose eigenvalues are zero or one.

LS% = l one has also §3 = 0 and equation (3.14) reduces to

(Wme2)2y =y — ((1/k*)D} +D3) — 28201/(1 = N2 (3.15)
But the eigenvalues of — (D% + D3) are '
(2N + 1)2k* (3.16)
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with N =0, 1,2, 3, .. .. Substituting (3.16) into (3.15), one gets

(W/me?)? = 1+ [(2N + 128+ 2082} /(1 — X2£%) (3.17)
from which one can obtain the energy W.
If ‘Sg = 1\ , equation (3.14) gives

2
(—W—Z—) 1}/:[1—«§+2(1~)\)22

mce
+£20? +%§(1~A}S3{2kz —R-0l}Y  (3.18)

The operator Q does not commute with S3 and it must be eliminated. For this,
one may use the canonical transformation given by W. Y. Tsai dealing with the
Corben-Schwinger theory.

It proceeds from the following considerations: We consider three operators
A, B, C which commute except C, that does not commute with B but anti-
commutes ({C, B} = 0) and we consider their combination

(4 +B)
We consider also the operator T and its inverse 77!, such that
T4 = (1N sy £ B/IBI) Ay} (3.19)

with

Ny = [t 1, A= ~~i——~_1 (3.20)
WS O e ?

We can verify, with A1yA_y = [B)] VA% - B? that we have
2TC(4 +B)YT ™! = /4% - B2 (3.21)

Under these conditions, we perform the canonical transformation ¢’ = Ty, in
(37), with

C~>S83, A-(@2k*-R), B->-Q (3.22)
On account of (3.9) and
VK —R) - 0% = 2*V1 + £ — RJK? (323)

equation (3.18) may be written
(Wime*y ¢’ = {1 - R/k*
+2(1 — NE2 +E20% +26'5(1 — NS,V + £ — RJEEVY
= (WV1+E —RJIK? + €851 — V12y' (3.24)

because T commutes with operators other than operators 4, B, C. This equa-
tion (3.24) contains only operators S5 and R which commute. One can then
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choose for ' an eigenfunction common to these two operators. On account
of (3.16) and with the eigenvalues of §3 equal to u = £1, one has

Wime? =vV1+E +(2N+1 — 26 u)28 +eue(1 — N) (3.25)
For small values of &, with A = 1 + 2k, this equation (3.25) reduces to
Wime? # 1+ [2N + 1 — 26'u(1 +«)) 2§ (3.26)

One then recovers the result of the nonrelativistic theory of the spin, for a
particle whose gyromagnetic ration is g = 2(1 + k). The Corben-Schwinger
theory, instead of (3.17) and (3.25), leads respectively to

Wime* =1+ QN +1)2k (3.27)

and
Wimc?y?* =1+ QN+ 1 — 2e’,4)2g +2(1 = N)E2
+2¢51 - NSV +E2 + (AN +1—2'u)28  (3.28

In equation (3.28), the term £2A? which appeared in equation (3.24) does not
appear, the latter being a perfect square. Consequently the right-hand side of
(3.28) may become negative and the energy W may be imaginary. On account
of this, W. Y. Tsai says that the theory of Corben-Schwinger is ““inconsistent.”
On the other hand formula (3.27) which corresponds to states §3 = 0, does
not have this defect. Inversely, our theory leads to a satisfactory expression
for the states S = 1, but the formula (3.17) which concerns the states S% =0
is not convenient. Not only may the energy become imaginary, but it becomes
infinite for £2A2 = 1. One can also say that the states $3 = 0 no longer exist
when £2A2 > 1.
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